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Abstract 
 
 In this analytical study, we have presented a new type of solving procedure to 
obtain the coordinates of small mass m, which moves around the primary M Sun, for 
Zasov’s restricted two-body problem (R2BP) with modified potential function 
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Kepler’s formulation of R2BP. Meanwhile, system of equations of motion has been 
successfully explored with respect to the existence of analytical way for 
presentation of the solution in polar coordinates x = rcos, y = rsin, r = R. 
 We have obtained analytical formulae for function t = t(r). Having obtained the 
inversed dependence r = r(t), we can obtain the time-dependence  = (t) as well. 
Also, we have pointed out how to express components of solution (including initial 
conditions) from cartesian to polar coordinates in general form. 
 
Keywords: Zasov’s problem, restricted two-body problem, modified potential 
function in R2BP. 
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1. Introduction, equations of motion. 
 
 In the restricted two-body problem (R2BP), the equations of motion describe the 
dynamics of an infinitesimal mass m under the action of gravitational force effected 
by one celestial body of giant mass M Sun (m << M Sun). The small mass m is 
supposed to be moving (as first approximation) inside of restricted region of space 
near the mass M Sun [1] within the one and same plane (but outside the Roche’s limit 
[2] which is, as first approximation, not less than 7-10 R Sun where R Sun is the radius 
of the celestial body of giant mass M Sun). In case of newtonian type of gravitational 
forces, there is well-known analytical solution to the aforementioned problem 
(which has been associated with Kepler’s type of orbital motions). 
 It is worth noting that there is a large number of previous and recent 
fundamental works concerning analytical generalization of the R2BP equations to 
the case of three or even many bodies, which should be mentioned accordingly [1-
10]. We should especially emphasize the theory of orbits, which was developed in 
profound work [3] by V. Szebehely for the case of the circular restricted problem of 
three bodies (CR3BP) (primaries are rotating around their common centre of mass 
on circular orbits) as well as the case of the elliptic restricted problem of three 
bodies [4] (ER3BP, primaries are rotating around barycenter on elliptic orbits). 
 Let us consider a non-rotating cartesian coordinate system with the origin O 
located at the center of mass of celestial body M Sun.  The dynamical equations of 
motion for infinitesimal mass m can be written in well-known form as below 
 
where, U is the potential function which should be determined as U = (/R) in case 
of Kepler’s problem ( = const is the gravitational parameter in appropriate scale). 
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 We will consider furthermore and below in the current research the another 
modification of CR2BP (so called Zasov’s problem) with modified potential 
function U (given below): 
 
where,  
2
cV  and R0 are some given constants; dot indicates (d/d t) in (1.2). 
 
 
Fig.1. Trajectories of motion of infinitesimal particle in Zasov’s problem (1.2). 
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 In physical sense, the aforementioned modified potential function U can be 
associated with potential of centripetal force 
R
Rd
VU
R
V
F c
c
centripet
2
2
. ~   
(per unit of mass) for the huge cloud of cosmic gas in galaxy, which is supposed to 
be rotating with constant velocity cV .  
  
 
 
 
2. Solving procedure for the system of Eqns. (1.2). 
 
 Let us transform system (1.2) by the change of variables x = rcos, y = rsin to 
the polar coordinates {r = r(t),  = (t)}, r = 
22 yxR  , as below 
 
 
 
 As first step, let us multiply first equation of the last system onto cos, second 
onto sin, then sum the resulting equations one to each other: 
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 The second step, let us multiply first equation of the last system onto sin, 
second onto cos, then subtract the resulting equations one from the other: 
 
 Taking into account (2.2), we could obtain from (2.1) the final result (2.3), where 
after having obtained the quadrature in the left part of (2.3) (by appropriate 
approximation technique or e.g. by series of Taylor expansions), we should find the 
re-inverse dependence r = r(t); then we could obtain angle  by direct integration 
procedure, using (2.2): 
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3. Discussion. 
 
 As we can see from the derivation above, equations of motion (1.2) are proved to 
be very hard to solve analytically. Nevertheless, we have succeeded in obtaining 
analytical formulae for the components of the solution (2.2)-(2.3) in the polar 
coordinates {r(t), (t)}. Let us clarify that at transforming of equation (2.1) by 
virtue of special change of variables we have taken into account that independent 
variable (time t) is not included to the left and right parts of (2.1). So, we have 
reduced this ordinary differential equation of 2-nd order by the elegant change of 
variable 
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 Ending discussion, let us note how to transform components of solution (2.2)-
(2.3) from cartesian to polar coordinates (including initial conditions in general 
form). Quadrature (2.3) determines the dependence in general form t = t(r), which 
contains the integral in the left part of (2.3) {under appropriate initial conditions; the 
upper limit of integral equals to r, low limit equals to r0}, the right part of the 
quadrature (2.3) equals to (t - t0). We should re-inverse this expression into 
dependence r = r(t), which can be obtained by numerical methods only (by 
appropriate approximation technique or e.g. by series of Taylor expansions). 
 
 Having obtained the dependence r = r(t), we can then obtain from formula (2.2) 
the dependence  = (t): 
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 Let us also recall that the change of variables x = rcos, y = rsin has been used 
at transformation of system (1.2). This fact means for the transformation of initial 
coordinates as follows: 
 
 
 
4. Conclusion. 
 
 In this paper, we have presented a new type of the solving procedure to obtain 
the coordinates of the infinitesimal mass m which moves around the primary M Sun 
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(m << M Sun) for a special kind of restricted two-body problem (Zasov’s problem in 
cartesian non-rotating coordinate system) with modified potential function 
constVyxR
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function U = (/R) in Kepler’s formulation of R2BP (the restricted two-body 
problem). Meanwhile, the system of equations of motion has been successfully 
explored with respect to the existence of analytical way for presentation of the 
solution in polar coordinates {r(t), (t)}, x = rcos, y = rsin, r = R. 
 We have obtained analytical formulae (2.3) for function t = t(r). Having obtained 
the re-inverse dependence r = r(t), we can obtain then the dependence  = (t) via 
formula (3.1). Also, we have pointed out how to express components of solution 
(including initial conditions) from cartesian to polar coordinates in general form 
(3.2)-(3.4). 
 The last but not least, we should especially note that Zasov’s kind of restricted 
two-body problem (presented in the current research) is found to be realistic for 
practical application in the real astophysical problems. 
 
 As for the approximated solution of expression (2.3) we have presented it in 
Appendix A, with only the resulting formulae left in the main text: 
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system (1.2) which is in good agreement comparing with the graphical solution 
which stems from theoretical formula (2.3) (results were verified within half-period 
for the solution (2.3) depending on polar angle, taking into account restriction onto 
denominator in integrand at the left part of expression (2.3)): 
 
 
 
  
Fig.2. Validation or comparing the theoretical vs. numerical result has been made  
within the time-period t  (0, B), they completely have coincided to each other.  
 
 
 We should note that we have used for calculating the data the Runge-Kutta-
Fehlberg method of 4-5th order, denoted RKF 45, with fourth degree interpolation 
(in Maplesoft) with step 0.001 starting from initial values. 
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Appendix, A (approximation of solution (2.3)). 
 
 Let us provide approximation of reduced solution, associated with (2.3), by 
series of Taylor expansions (not less than 2-nd order) as below: 
 
 
 
 
 
 
 
)1.4(
2
)(sin
0)(4
)(
2,0
)(4
)(
)(2
arcsin
1
)(
)(
)(4)(
2)(
)(
)(
2
)/(
)/(21))/(4)/(21()()(
)(
)(
2
)/(
)/(21
))/(21(
1
)()(
)(
1)/(,
0
22
0
0
22
0
2
0
2
0
2
0
2
0
2
0
0
0
2
2
0
2
0
2
0
2
0
22
0
2
02
0
0
0 2
0
0
22
00
2
0
2
0
2
0
0
0 2
0
0
2
0
2
0
2
0
2
0
00
A
BttAD
R
BrAD
r
Vr
B
r
rV
A
tt
D
BRA
A
tt
R
r
rV
R
r
Vr
r
Rd
tt
rR
rRVrRrRrr
Rd
tt
rR
rRV
rR
rr
Rd
rRRrR
cc
R
cc
R
c
R
c






















 








 




















 








 










 










 


















 
 
 11 
 
Acknowledgements 
 
     Sergey Ershkov is thankful to Dr. Nikolay Emelyanov for valuable 
comprehensive advices during fruitful discussions in the proccess of preparing of 
this manuscript as well as for his kind assistance in graphical plots, presented at 
Figs. 1-2. 
 
 
Conflict of interest 
 
Authors declare that there is no conflict of interests regarding publication of article. 
 
Remark regarding contributions of authors as below: 
 In this research, Dr. Sergey Ershkov is responsible for the general ansatz and the 
solving procedure, simple algebra manipulations, calculations, results of the article 
in Sections 1-3 (as well as in Appendix A) and also is responsible for the search of 
approximated solutions. 
Dr. Dmytro Leshchenko is responsible for theoretical investigations as well as for 
the deep survey in literature on the problem under consideration. 
Both authors agreed with results and conclusions of each other in Sections 1-4. 
 
 
 
 
References: 
 
 
[1]. Arnold V. (1978). Mathematical Methods of Classical Mechanics. Springer, New 
York. 
 
 
 12 
 
[2].   Duboshin G.N. (1968). Nebesnaja mehanika. Osnovnye zadachi i metody. 
Moscow: “Nauka” (handbook for Celestial Mechanics, in russian). 
[3]. Szebehely V. (1967). Theory of Orbits. The Restricted Problem of Three Bodies. 
Yale University, New Haven, Connecticut. Academic Press New-York and 
London. 
[4]. Ferrari F., Lavagna M. (2018). Periodic motion around libration points in the 
Elliptic Restricted Three-Body Problem. Nonlinear Dynamics, Vol. 93(2), pp. 
453–462. 
[5].    Moulton F.R. (1900). On a class of particular solutions of the problem of four 
bodies. Transactions of the American Mathematical Society, Vol. 1, No. 1 (Jan., 
1900), pp. 17-29.  
[6]. Chakraborty A., Narayan A. (2019). BiElliptic Restricted Four Body Problem. 
Few Body Systems, Vol. 60(7), pp. 1–20. 
[7]. Liu C., Gong S. (2018). Hill stability of the satellite in the elliptic restricted four-
body problem. Astrophys Space Sci (2018) 363:162, pp. 1-9. 
[8]. Singh J., Leke O. (2010). Stability of the photogravitational restricted three- 
 body problem with variable masses. Astrophys Space Sci (2010) 326: 305–314. 
 
[9].  Llibre J., Conxita P. (1990). On the elliptic restricted three-body problem. 
Celestial Mechanics and Dynamical Astronomy, Volume 48, Issue 4, pp. 319–
345. 
[10]. Zotos E.E. (2015). Crash test for the Copenhagen problem with oblateness. 
Celestial Mechanics and Dynamical Astronomy. Vol. 122(1), pp. 75–99. 
